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Abstract
A perfectly reflecting (Dirichlet) boundary condition at the edge of an impen-
etrable magnetic-flux-carrying tube of nonzero transverse size is imposed on the
charged massive scalar matter field which is quantized outside the tube. We show
that the vacuum polarization effects outside the tube give rise to a macroscopic
force acting at the increase of the tube radius (if the magnetic flux is held steady).
The Casimir energy and force are periodic in the value of the magnetic flux, being
independent of the coupling to the space-time curvature scalar. We conclude that
a topological defect of the vortex type can polarize the vacuum of only those quan-
tum fields that have masses which are much less than a scale of the spontaneous
symmetry breaking.
Keywords: vacuum polarization; Casimir effect; magnetic vortex.
PACS numbers: 04.60.Kz, 11.10.Kk, 11.15.Tk, 11.27.+d
1 Introduction
Polarization of the vacuum of quantum matter fields under the influence of boundary
conditions was studied intensively over more than six decades since Casimir [1] predicted
a force between grounded metal plates: the prediction was that the induced vacuum
energy in bounded spaces gave rise to a macroscopic force between bounding surfaces,
see reviews in Refs. [2] and [3]. The Casimir force between grounded metal plates has
now been measured quite accurately and agrees with the theoretical predictions, see, e.g.
Refs. [4] and [5], as well as other publications cited in Refs. [2] and [3].
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In the present paper we consider the vacuum energy which is induced by boundary
conditions in space that is not bounded but, instead, is not simply connected, being an
exterior to a straight infinitely long tube. This setup is inspired by the famous Aharonov-
Bohm effect [6], and we are interested in polarization of the vacuum which is due to
imposing a boundary condition at the edge of the tube carrying magnetic flux lines inside
itself; this may be denoted as the Casimir-Aharonov-Bohm effect (see also [7]).
The vacuum polarization effects which are due to imposing boundary conditions of
various types at the cylindrical surfaces were extensively discussed in the literature, see [8]
– [13]. In general, the Casimir effect in the presence of a single smooth object (cylinder or
sphere) is rather different from that in the presence of two disjoint ones (e.g., plates): new
divergences appear, and to tame them one has to sum contributions of quantized matter
from both sides of the boundary surface, still this does not help to get rid completely of
divergences, see [3] and references therein. In view of this, the conventional prescription
which is to subtract vacuum energy of empty Minkowski space-time becomes insufficient
for obtaining the meaningful results. Some authors [14, 15] assert that there is no Casimir
effect at all in this case. Our concern will not be in the case of an empty tube but, instead,
in the case of a tube filled with the magnetic flux lines. We shall follow the author of
ref.[16] who proposes to define the Casimir energy for physical systems divided into classes:
the difference in vacuum energy of any two systems within the same class should be finite,
then the finite Casimir energy has the universal interpretation as a vacuum energy with
respect to the vacuum energy of a certain reference system which is common for the whole
class. We define a class of physical systems corresponding to the charged matter field
which is quantized outside an impenetrable tube with the magnetic flux taking different
values; the case of zero flux can be chosen as the reference system. As we shall show, the
Casimir energy for this class is unambiguous and finite.
A magnetic flux tube is formed inside a long current-carrying solenoid or simply a
magnetized whisker made of a ferromagnetic material, and its effect on the outside vacuum
can be studied in laboratory. Otherwise, a flux tube can be formed as a topological defect
of the vortex type, appearing after a phase transition with spontaneous breakdown of
the gauge symmetry [17, 18]: the condition of its appearance is that the first homotopy
group of the group space of the broken symmetry group be nontrivial. The vortex is
characterized by flux 2pi~ce−1H , where eH is the coupling constant of the Higgs scalar field
to the vortex-forming gauge field; the transverse size of the vortex is of the order of
correlation length ~(mHc)
−1, where mH is the mass of the Higgs scalar field. The issue
of vortices is widely discussed in condensed matter physics (e.g. Abrikosov vortices in
superconductors, see [19]), as well as in astrophysics and cosmology (e.g. cosmic strings,
see [20, 21]). While considering the effect of the vortices on the vacuum of the surrounding
quantum matter, the following two circumstances should be kept in mind: 1) the phase
with broken symmetry exists outside the vortex which is topological defect, and the
vacuum is to be defined only where the phase exists, hence the quantum matter field
does not penetrate inside the vortex, obeying a boundary condition at its edge, 2) the
coupling constant (e) of the quantum matter field to the vortex-forming gauge field differs,
in general, from eH (e.g. e = eH/2 for normal excitations in superconductors).
A simplifying assumption consists in a neglect of a transverse size of the flux tube, i.e.
in a use of an approximation of an infinitely thin singular thread. Energy density and other
components of the energy-momentum tensor, which are induced in the background of a
singular magnetic thread, were studied in [22] (see also [7, 23]). The quantum matter field
2
obeys the regularity condition at the location of the thread, and the vacuum polarization
effects are periodic in the value of the magnetic flux with the period equal to the London
flux quantum (2pi~ce−1); the absolute value of the induced vacuum energy density is
maximal at half of the London flux quantum. A shortcoming of the approximation of a
singular thread is the power divergence of the induced vacuum energy-momentum tensor
in the vicinity of the thread, and, as a consequence, neither Casimir energy (i.e. the
induced vacuum energy per unit length of the thread) nor Casimir force can be defined
in this approximation.
The transverse size of the magnetic flux tube was taken into account in [24] – [28],
where it was shown that the induced vacuum energy per unit length of the tube depends
on the configuration of the magnetic field inside the tube, being quadratic in the flux for
sufficiently smooth configurations. However, these authors were concerned with the case
when the region of the flux was penetrable for the quantum matter field; therefore, their
results have no relation to the Casimir-Aharonov-Bohm effect. When the quantum matter
field is excluded from the region of the flux (that is appropriate for the interpretation
of the flux tube as a topological defect), then the vacuum polarization effects become
independent of the details of the magnetic field configuration and depend periodically on
the whole flux [29] – [31]; meanwhile the contribution to both the Casimir energy and
force which is due to the magnetic flux in the excluded region is well-defined. In the
following quantum matter will be represented by the charged massive scalar field. As
we shall see, the vacuum energy which is induced outside the flux tube gives rise to a
macroscopic force acting at the increase of the tube radius, if the magnetic flux is held
steady. Although the induced vacuum energy density depends on the coupling of the
scalar field to the space-time curvature scalar, the Casimir energy and force will be shown
to be independent of this coupling.
In the next section we define the renormalized induced vacuum energy density in the
background of an impenetrable flux tube and review briefly the obtained earlier results
as to its behavior in a plane, i.e. when the spatial dimension along the tube is ignored.
The Casimir energy and force in a plane are considered in Section 3. The longitudinal
dimensions are added in Section 4 where we find the Casimir energy and force in the most
general case of a (d−2)-tube in d-dimensional space. The obtained results are summarized
and discussed in Section 5.
2 Vacuum energy density
The temporal component of the energy-momentum tensor for the quantized charged scalar
field Ψ(x) in flat space-time is given by expression
T00(x) =
1
2
[
∂0Ψ
†, ∂0Ψ
]
+
− 1
4
[
∂20Ψ
†,Ψ
]
+
− 1
4
[
Ψ†, ∂20Ψ
]
+
−
(
ξ − 1
4
)
∇
2
[
Ψ†,Ψ
]
+
, (1)
where ∇ is the covariant spatial derivative involving both affine and bundle connections
and the field operator in the case of a static (ultrastatic) background takes form
Ψ(x0,x) =
∑∫
λ
1√
2Eλ
[
e−iEλx
0
ψλ(x) aλ + e
iEλx
0
ψ−λ(x) b
†
λ
]
; (2)
3
units ~ = c = 1 are used, a†λ and aλ (b
†
λ and bλ) are the scalar particle (antiparticle)
creation and destruction operators satisfying commutation relations; wave functions ψλ(x)
form a complete set of solutions to the stationary Klein-Gordon equation(−∇2 +m2)ψλ(x) = E2λψ(x), (3)
m is the mass of the scalar particle; λ is the set of parameters (quantum numbers) spec-
ifying the state; Eλ = E−λ > 0 is the energy of the state; symbol
∑∫
λ
denotes summation
over discrete and integration (with a certain measure) over continuous values of λ.
As is known for a long time [32, 33, 34], the energy-momentum tensor depends on
parameter ξ which couples Ψ to the scalar curvature of space-time even in the case of
the vanishing curvature, see (1); conformal invariance is achieved in the limit of vanishing
mass (m = 0) at ξ = (d− 1)(4d)−1, where d is the spatial dimension. Consequently, the
density of the induced vacuum energy which is given formally by expression
ε = 〈vac|T00(x)|vac〉 =
∑∫
λ
Eλψ
∗
λ(x)ψλ(x)− (ξ − 1/4)∇2
∑∫
λ
E−1λ ψ
∗
λ(x)ψλ(x) (4)
depends on ξ as well. This poses a question: whether physically measurable effects (e.g.
the Casimir force) can be dependent on ξ?
In the present paper we are considering a static background in the form of the cylindri-
cally symmetric magnetic flux tube of finite transverse size, hence the covariant derivative
is ∇ = ∂ − ieV with the vector potential possessing only one nonvanishing component
given by
V ϕ = Φ/2pi (5)
outside the tube; here Φ is the value of the magnetic flux and ϕ is the angle in polar (r, ϕ)
coordinates on a plane which is transverse to the tube.
The vacuum polarization depends on the choice of a boundary condition at the edge
of the tube (r = r0). We impose, as in [29] – [31], the Dirichlet boundary condition:
ψλ|r=r0 = 0, (6)
i.e. quantum matter is assumed to be perfectly reflected from the thence impenetrable
flux tube. Other possible choices of a boundary condition will be considered elsewhere.
The solution to (3) outside the magnetic flux tube can be obtained in terms of the
cylindrical functions. The formal expression (4) for the vacuum energy density has to be
renormalized by subtracting the contribution corresponding to the zero flux. The tube
in 3-dimensional space can be obviously generalized to the (d− 2)-tube in d-dimensional
space by adding extra d− 3 dimensions as longitudinal ones. Thus we obtain (for details
see [29, 30]):
εren = (2pi)
1−d
∫
dd−2kz
∞∫
0
dk k
(√
k2z + k
2 +m2 − ξ − 1/4√
k2z + k
2 +m2
△
)
×
× [S(kr, kr0)− S(kr, kr0)|Φ=0] , (7)
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where
S(kr, kr0) =
∑
n∈Z
[
Y|n−eΦ/2pi|(kr0)J|n−eΦ/2pi|(kr)− J|n−eΦ/2pi|(kr0)Y|n−eΦ/2pi|(kr)
]2
Y 2|n−eΦ/2pi|(kr0) + J
2
|n−eΦ/2pi|(kr0)
, (8)
Z is the set of integer numbers, Jµ(u) and Yµ(u) are the Bessel and the Neumann functions
of order µ, the integration over the components of the (d− 2)-dimensional momentum kz
ranges from −∞ to ∞, and △ = ∂2r + r−1∂r is the radial part of the Laplacian operator
on the plane which is orthogonal to the (d− 2)-tube.
Owing to the infinite range of summation, the last expression is periodic in flux Φ
with a period equal to 2pie−1, i.e. the London flux quantum (in units c = ~ = 1). Our
further analysis concerns the case of Φ = (2n + 1)pie−1 when each of the integrals in (7)
is the most distinct from zero. Introducing function
G(kr, kr0) = S(kr, kr0)|Φ=pie−1 − S(kr, kr0)|Φ=0, (9)
we rewrite (7) in the case of d = 2 in the dimensionless form
r3εren = α+(mr0, mr)− (ξ − 1/4)r3△α−(mr0, mr)
r
, (10)
where
α±(mr0, mr) =
1
2pi
∞∫
0
dz z
[
z2 +
(mr0
λ
)2]±1/2
G(z, λz), (11)
and λ = r0/r (λ ∈ [0, 1]).
Functions α+ and α− were numerically calculated at a set of different distances from
the axis of the tube in [30, 31] where it was shown that the results can be approximated
by the interpolation function in the form
α±(x0, x) =
[±e−2xx1∓1/2]
[(
x− x0
x
)2
P±3 (x− x0)
x3
]
Q±3 (x
2)
R±3 (x
2)
, x > x0, (12)
where x = mr, x0 = mr0 and P
±
n (y), Q
±
n (y), R
±
n (y) are polynomials in y of the n-th
order with the x0-dependent coefficients. First factor in square bracket in (12) describes
the large distance behavior in the case of the zero-radius tube (singular thread), second
factor in square bracket is an asymptotics at small distances from the edge of the tube,
and the last quotient is the intermediate part. Since the flux tube is impenetrable, the
α± functions vanish at x ≤ x0.
For the α+ function we estimate the relative error of the obtained result as 0.1%. It
should be noted that nearly 95 % of the integral value is obtained by direct calculation
and only nearly 5% is the contribution from the interpolation. The integration in the case
of the α− function is performed more quickly and with a higher accuracy, as compared
to the case of the α+ function, because the former tends to zero more rapidly at large
distances. In this case the contribution from the interpolation can be estimated as 10−3%
from the total value.
We define function [30]
α˜−(x0, x) = r
3△α−(x0, x)
r
= α−(x0, x)− x∂α−(x0, x)
∂x
+ x2
∂2α−(x0, x)
∂x2
(13)
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and construct the dimensionless vacuum energy density at different values of the coupling
to the space-time curvature scalar (ξ) in the form:
r3εren = α+(x0, x)− (ξ − 1/4)α˜−(x0, x). (14)
The behavior of α± and α˜− and r
3εren as functions of the distance from the axis of
the tube for different values of r0 and ξ was analyzed in [29, 30]. Of primary interest is
the behavior at the decrease of the tube radius. It seems plausible that this case becomes
more similar to the case of the tube of zero radius (singular thread). However there
are some peculiarities in the behavior in the vicinity of the tube, and we discuss them
following [31]. Let us first recall the exact expressions corresponding to the case of the
singular magnetic thread (see [22]):
α+(0, x) =
x3
3pi2
{
pi
2
− 2xK0(2x)−K1(2x) + K2(2x)
2x
−
− pix [K0(2x)L1(2x) +K1(2x)L0(2x)]
}
, (15)
α−(0, x) =
x
pi2
{pi
2
− 2xK0(2x)−K1(2x)− pix [K0(2x)L1(2x) +K1(2x)L0(2x)]
}
, (16)
α˜−(0, x) = − x
pi2
[2xK0(2x) +K1(2x)], (17)
where Kν(u) and Lν(u) are the Macdonald and the modified Struve functions of order ν.
Consequently, in the vicinity of a thread one gets
α+(0, x) =
1− 3x2
12pi2
, x≪ 1 (18)
α−(0, x) = −1− pix+ (3− 2γ − 2 ln x)x
2
2pi2
+O(x3), x≪ 1, (19)
α˜−(0, x) = − 1
2pi2
+
1 + 2γ + 2 ln x
2pi2
x2 +O(x3), x≪ 1, (20)
where γ is the Euler constant. Using the latter relations, we get asymptotics of the
renormalized vacuum energy density at small distances from the singular magnetic thread
r3εsingren =
1
12pi2
− x
2
4pi2
−
(
ξ − 1
4
)(
− 1
2pi2
+
1 + 2γ + 2 lnx
2pi2
x2
)
+O(x3), x≪ 1. (21)
In contrast to (18) and (19), the α±(x0, x) functions in the case of nonzero radius are
vanishing quadratically in the vicinity of the tube, see [30],
α±(x0, x)|x→x0 ∼ O
[
(x− x0)2
]
. (22)
To be more precise, we assume the asymptotics in the form, cf. (12),
α±(x0, x) = ±(x− x0)
2
x2
f±(x0, x), (23)
then one gets
α˜−(x0, x) = −(x− x0)2 ∂
2
∂x2
f−(x0, x) +
(
1− 6x0
x
+ 5
x20
x2
)
x
∂
∂x
f−(x0, x)−
−
(
1− 8x0
x
+ 9
x20
x2
)
f(x0, x), (24)
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Figure 1: The behavior of the constituents of the dimensionless vacuum energy density at
small distances from the tube: a) α+, b) α−, c) α˜− for the case of x0 = 10
−9 (solid line).
The behavior of the corresponding functions for the case of a singular magnetic thread is
presented by a dashed line. Variable x (x > x0) is along the abscissa axis.
with α˜−(x0, x0) = −2f−(x0, x0).
The f±(x0, x) functions are adjusted as
f+(0, x) =
1− 3x2
12pi2
, x≪ 1, (25)
f−(0, x) =
1− pix+ (3− 2γ − 2 lnx)x2
2pi2
, x≪ 1; (26)
consequently, one gets
α˜−(x0, x)
∣∣∣∣x0 → 0
x→ x0
= − 1
2pi2
+
1 + 2γ + 2 lnx
2pi2
x2 +
4− pix
pi2x
x0+
+
−9 + 4pix− 7x2 + 2γx2 + 2x2 lnx
2pi2x2
x20. (27)
The asymptotical behavior of the α± and α˜− functions with the use of (23) – (27) is
presented on Fig.1 for the case of a sufficiently small value of x0. It should be noted that
the f±(x0, x) functions depend strongly on x0.
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3 Total vacuum energy and the Casimir force in a
plane
The total vacuum energy which is induced in a plane outside the magnetic flux region is
E2 = 2pim

 ∞∫
x0
α+(x0, x)
x2
dx−
(
ξ − 1
4
) ∞∫
x0
α˜−(x0, x)
x2
dx

 . (28)
In view of the relation
∞∫
x0
α˜−(x0, x)
x2
dx = −x ∂
∂x
(
α−(x0, x)
x
)∣∣∣∣
x=x0
(29)
which follows from (13), and relations (23) and (26), we conclude that the total vacuum
energy is independent of the coupling to the space-time curvature scalar (ξ):
E2 = mD(mr0), (30)
where
D(x0) = 2pi
∞∫
x0
α+(x0, x)
x2
dx. (31)
This is in contrast to the case of the singular magnetic thread, when the total induced
vacuum energy is divergent and ξ-dependent (see [22]):
Esing2 ≡
2pi∫
0
dϕ
∞∫
0
εsingren rdr ∼ 4m
(
ξ − 1
12
)∫
0
dx
x2
. (32)
It is curious that the vacuum energy in this case is finite at ξ = 1/12, being equal to
Esing2
∣∣
ξ=1/12
=
2m
3pi
∞∫
0
{
pi
2
−
(
2x+
1
2x
)
K0(2x)−K1(2x)−
− pix [K0(2x)L1(2x) +K1(2x)L0(2x)]
}
x dx = −0.01989× 2pim, (33)
and taking the negative value.
Although vacuum energy E2 (30) is finite, its value grows infinitely as x0 tends to zero
(see (23) and (25)):
E2|x0→0 = m
[
1
18pix0
− x0
pi
ln x0 +O(x
3
0)
]
, (34)
which is in accordance with the divergence of the vacuum energy in the case of the
singular magnetic thread. To be more precise, relation (29) fails to yield zero in the case
x0 = 0, and, therefore, the divergence of the vacuum energy in the latter case becomes
ξ-dependent.
We present the values of vacuum energy E2 (30) for several values of the tube radius
in the second row of the Table.
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Figure 2: The logarithm of the induced vacuum energy in the plane as a function of the
tube radius starting from x0 = 10
−3: ln E2
m
is given by a dashed curve and ln E3
m2
(see
Section 4) is given by a solid curve.
mr0 3/2 1 1/2 10
−1 10−2 10−3
E2/m 3.15 · 10−11 4.363 · 10−9 1.299 · 10−6 1.038 · 10−3 0.0666 0.933
E3/m
2 3.577 · 10−12 5.942 · 10−10 2.411 · 10−7 4.162 · 10−4 0.119 12.704
Table 1. Values of the dimensionless vacuum energy at several values of mr0.
These results are also given on Fig.2 in a logarithmic scale, where the dots corre-
sponding to the data in the Table are joined with the help of an interpolation function
η(x0) = ln
E2
m
, which, for the range x0 > 10
−3, can be taken in the form
η(x0) = −a− xb0Pn(x0)−
(
c+ xd0Qn(x0)
)
ln x0. (35)
where a, b, c, d are the positive constants and Pn(x0), Qn(x0) are polynomials in x0 of the
n−th order.
To change the radius of the flux tube one has to apply a work that is equal to the
change of the total vacuum energy which is induced outside the tube. In the case of the
infinitely small change of the radius one has
δE2 = 2piP2 r0δr0, (36)
where P2 can be interpreted as the vacuum pressure which acts from the outside to the
inside of the tube
P2 =
1
2pir0
dE2
dr0
=
m3
2pix0
D′(x0), (37)
D′(x0) = ddx0D(x0), and the value of the magnetic flux inside the tube is assumed to
remain unchanged.
This results in the Casimir force acting from the inside to the outside of the tube
F2 = −2pir0P2 = −m2D′(x0). (38)
As the tube radius tends to zero, the Casimir force grows infinitely:
F2 = m
2
(
1
18pix20
− 1
pi
(ln x0 + 1) +O(x
2
0)
)
. (39)
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Figure 3: The Casimir force as a function of the tube radius in the range 10−3 < x0 < 10
−2:
F2/m
2 is on the left and F3/m
3 (see Section 4) is on the right.
The behavior of the Casimir force is presented on Fig.3.
As one can see, the Casimir force tends to increase the radius of the tube and to
minimize the induced vacuum energy of the quantized scalar field. As to the energy
stored inside the tube, it is the purely classical energy of the magnetic field. Its behavior
at the increase of the tube radius as the magnetic flux is held constant can be different
depending on the details of the magnetic field configuration. Mild assumptions as to the
smoothness of the configuration yield that the energy is either constant or decreasing at
most as ∼ r−20 .
4 Generalization to higher than two dimensions
In d-dimensional space, we define the vacuum energy which is induced outside a (d− 2)-
tube in a plane orthogonal to it:
Ed =
2pi∫
0
dϕ
∞∫
r0
dr rεren, (40)
where εren is given by (7). Generalizing relation (29) we obtain relation
∞∫
r0
dr r∆
∫
dd−2kz
∞∫
0
dk k√
k2z + k
2 +m2
[S(kr, kr0)− S(kr, kr0)|Φ=0] =
= −

r∂r
∫
dd−2kz
∞∫
0
dk k√
k2z + k
2 +m2
[S(kr, kr0)− S(kr, kr0)|Φ=0]


∣∣∣∣∣∣
r=r0
. (41)
The right-hand side of (41) is obviously vanishing due to relation
[r∂rS(kr, kr0)]|r=r0 = 0, (42)
stemming from the definition of S(kr, kr0), see (8). Consequently, the Casimir energy,
i.e. the induced vacuum energy per unit length of the (d− 2)-tube, is independent of the
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coupling to the space-time curvature scalar
Ed = (2pi)
2−d
∞∫
r0
dr r
∫
dd−2kz
∞∫
0
dk k
√
k2z + k
2 +m2 [S(kr, kr0)− S(kr, kr0)|Φ=0] . (43)
Changing the order of integration over r and kz, we relate Ed to the total induced vacuum
energy in the d = 2 case, E2 (30):
Ed = m
d−1 (4pi)
1−d/2
Γ(d/2)
∞∫
0
du
√
1 + u2/(d−2)D
(
x0
√
1 + u2/(d−2)
)
, (44)
where u = (|kz|r0)d−2, Γ(y) is the Euler gamma function, and
D(y) =
∞∫
y
dx
x2
∞∫
0
dz z
√
z2 + x2
[
S
(
z, z
y
x
)
− S
(
z, z
y
x
)∣∣∣
Φ=0
]
, (45)
is generalizing (31) to arbitrary values of the flux.
Similarly to the d = 2 case we define the Casimir force acting from the inside to the
outside of the (d− 2)-tube along the radial direction
Fd = −dEd
dr0
, (46)
and relate it to the Casimir force in the d = 2 case, F2 (38):
Fd = −md (4pi)
1−d/2
Γ(d/2)
∞∫
0
du
(
1 + u2/(d−2)
) D′ (x0√1 + u2/(d−2)) . (47)
It should be emphasized that relations (44) and (47) are valid for arbitrary values of the
flux. The finiteness of integrals in (44) and (47) is due to the sufficiently strong decrease
of D(x0) and D′(x0) at x0 ≫ 1, which was demonstrated for Φ = (2n + 1)pie−1 in the
previous section.
Changing the integration variable in (44) and (47), we get
Ed =
2
rd−10
(4pi)1−d/2
Γ
(
d−2
2
) ∞∫
x0
dv v2
(
v2 − x20
)d−4
2 D(v), (48)
Fd = − 2
rd0
(4pi)1−d/2
Γ
(
d−2
2
) ∞∫
x0
dv v3
(
v2 − x20
) d−4
2 D′(v), (49)
where the latter in the case of d > 3, after integration by parts, takes form
Fd =
2
rd0
(4pi)1−d/2
Γ
(
d−2
2
) ∞∫
x0
dv v2
(
v2 − x20
)d−6
2 [(d− 1)v2 − 3x20]D(v). (50)
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At x0 ≪ 1 we obtain
Fd =
d− 1
r0
Ed =
CΦ(d)
rd0
, r0 ≪ m−1, (51)
where
CΦ(d) =
2(4pi)1−d/2
Γ
(
d−2
2
) (d− 1)
∞∫
0
dv vd−2D(v), d > 2, (52)
is monotonically decreasing with the increase of d. The numerical estimate of C(d) at
Φ = (2n+ 1)pie−1 in the range 3 ≤ d ≤ 10 yields that it can be well approximated as
CΦ(d) = (d− 1)d10.025 exp
(
44.76
d
− 3d− 28.097
)
, (53)
where a decisive factor is e−3d. In the following we shall use a rough, but quite suitable
for a further analysis, approximation
CΦ(d) ≈ (d− 1)e−2.7d−4 (54)
that is valid for d ≤ 10. In view of (54) and relation
1
d− 2
∞∫
x0
dv v(v2 − x20)
d−2
2 [2D′(v) + vD′′(v)] ≤ (d− 1)
∞∫
0
dv vd−2D(v), (55)
where the equality sign corresponds to sufficiently small values of x0, we find that the
dimensionless force, m−dFd, as a function of d at Φ = (2n+ 1)pie
−1 can be approximated
as
m−dFd ≈ (d− 1)e−4e−d(lnx0+2.7). (56)
Thus the dimensionless force increases with d at x0 . e
−2.7 and decreases with d at
x0 & e
−2.7.
In the d = 3 case we get
E3 =
m2
pi
∞∫
0
du
√
1 + u2D
(
x0
√
1 + u2
)
= − 1
pir20
∞∫
x0
dv
√
v2 − x20 [D(v) + vD′(v)] (57)
and
F3 = −m
3
pi
∞∫
0
du
(
1 + u2
) D′ (x0√1 + u2) = 1
pir30
∞∫
x0
dv v
√
v2 − x20 [2D′(v) + vD′′(v)].
(58)
We present the values of Casimir energy E3 (57) at Φ = (2n+ 1)pie
−1 (n ∈ Z) for several
values of the tube radius in the third row of the Table. These results are also given on
Fig.2 in a logarithmic scale, where the dots corresponding to the data in the Table are
joined with help of an interpolation function similarly to that as in the previous section;
the comparison is made with the d = 2 case. Casimir force F3 (58) is presented on the
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right of Fig.3 and compared with Casimir force F2 (38); the former attains a considerable
value of 2.54 · 104 ·m3 at r0 = 10−3m−1.
At x0 ≪ 1, restoring constants ~ and c, we obtain
F3 =
2
r0
E3 =
~c
r30
CΦ(3), r0 ≪ m−1, (59)
where, see (52),
CΦ(3) =
2
pi
∞∫
0
dv vD(v). (60)
Let us compare Casimir force F3 (59) with the force caused by the classical magnetic
field inside the tube. Assuming the uniformity of the magnetic field filling completely the
tube, B = Φ/(pir20), one obtains an expression for the classical energy per unit length of
the tube, E(class) = Φ2/(2pir20), which can be rewritten in terms of London flux quantum
Φ0 = 2pi~ce
−1 and fine structure constant α = e2(4pi~c)−1:
E(class) =
~c
r20
Φ2
Φ20
1
2α
. (61)
The classical force which tends to decrease energy (61) by increasing the tube radius
under the steady magnetic flux filling completely the tube is
F (class) = − d
dr0
E(class) =
~c
r30
Φ2
Φ20
1
α
. (62)
Comparing this with Casimir force F3 (59), we recall that CΦ(3) is a periodic function
of the magnetic flux, vanishing at Φ = nΦ0. Even the maximal value of CΦ(3) which is
achieved at Φ = (n+1/2)Φ0 and is equal to 2.545·10−5, see (54), is more than million times
smaller than the value of the corresponding factor, Φ2/(Φ20α), in (62): taking Φ = Φ0/2
one obtains value (4α)−1 ≈ 34.2 for this factor.
However, as it was already noted, the classical force acting from the inside of the tube
depends strongly on the detailed form of the magnetic field configuration: it decreases if
the magnetic field is decreasing in the vicinity of the tube edge. For instance, in the case
of the magnetic field concentrated wholly inside a tube of smaller radius, the classical
force acting to extend the tube of larger radius disappears at all, and only the Casimir
force from the outside vacuum is left in this capacity.
5 Summary
In the present paper we consider the vacuum polarization effects which are induced in
charged scalar matter by a magnetic flux enclosed in an impenetrable finite-radius tube;
a perfectly reflecting (Dirichlet) boundary condition is imposed at the edge of the tube.
The previous analysis of the induced vacuum energy density in the d = 2 case [29, 30]
was extended down to the values of the tube radius as small as r0 = 10
−3
~(mc)−1 in [31],
where it was shown that contrary to the case of a singular magnetic thread (r0 = 0), the
vacuum energy density is finite everywhere, but its behavior is very similar to that in the
r0 = 0 case, excepting the behavior in the vicinity of the tube, where peculiar oscillations
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appear. The case of r0 < 10
−3
~(mc)−1 is analyzed indirectly by combining the numerical
and analytical estimates, and the difference between the r0 = 0 and r0 = 10
−9
~(mc)−1
cases is illustrated by Fig.1.
These two circumstances (the finiteness and at the same time the similarity to the case
of a singular thread) which are proven in the d = 2 case have far-reaching consequences
that allow us to determine the finite Casimir energy in the case of space of arbitrary di-
mension, as long as the tube radius is taken into account. We find that the Casimir energy,
i.e. the vacuum energy per unit length of the (d − 2)-tube, is positive and independent
of the coupling to the space-time curvature scalar (ξ), notwithstanding the ξ-dependence
of the vacuum energy density and its lack of positivity. The functional dependence of the
Casimir energy on the tube radius for the magnetic flux equal to half of the London flux
quantum is numerically estimated for the range 10−3~(mc)−1 < r0 < 1.5~(mc)
−1, and the
results for the d = 2 and d = 3 cases are presented in the Table and on Fig.2. The Casimir
energy is negligible for r0 ∼ ~(mc)−1, being of order 10−10 ·md−1cd~2−d for d = 2, 3 and
even less for larger d, but it increases considerably with the decrease of the tube radius.
The Casimir energy gives rise to the Casimir force which is directed from the inside
to the outside of the tube along its normal. The force is ξ-independent as well as the
Casimir energy. The force acts at the increase of the tube radius and the decrease of the
Casimir energy, if the magnetic flux is held steady. The behavior of the force as a function
of the tube radius in the d = 2 and d = 3 cases for the magnetic flux equal to half of the
London flux quantum is illustrated by Fig.3. The force takes considerable values at small
values of the tube radius and actually disappears otherwise: in the d = 3 case it is, e.g.,
2.54 · 104 ·m3c4~−2 at r0 = 10−3~(mc)−1 and 10−2 ·m3c4~−2 at r0 = 10−1~(mc)−1.
It should be noted that we consider the case of the Casimir force caused by a magnetic
flux enclosed by a boundary where the Dirichlet boundary condition is imposed. The force
is periodic in the flux value with a period equal to the London flux quantum, attaining
its maximal value at Φ = (n + 1/2)Φ0 and vanishing at Φ = nΦ0 (n ∈ Z). A general
conclusion which is valid for arbitrary spatial dimension d ≥ 2 is that the Casimir energy
and force at r0 ≪ ~(mc)−1, when they take considerable values, are actually the same
as they are in the case of the massless scalar field, see (34), (39) and (51); the massive
case becomes formally distinct from the massless one at larger values of the tube radius,
when the Casimir energy and force take negligible values. The Casimir force and energy
increase with d at smaller r0, when they are considerable, while decrease with d at larger
r0, when they are negligible, see (56); even the comparison of numerical calculations for
the d = 2 and d = 3 cases reveals this fact, see the Table and Fig.2.
Whereas in the case of parallel plates the pure action of the Casimir force to minimize
the Casimir energy leads to a collapse, the pure action of the Casimir force to minimize
the Casimir energy in the case of a flux tube leads not to a collapse but to an expansion
of the tube in the transverse direction. Note that the classical energy of the constant
magnetic flux inside the tube is most likely to be constant or decreasing maximally as r−20
with the expansion of the tube radius, see (61). Thus the Casimir force tends to smear
both quantum and classical effects of the flux tube. The vacuum polarization is quite
negligible at mcr0 > ~, whereas it becomes noticeable at mcr0 ≪ ~. If the flux tube is
interpreted as a topological defect of the vortex type, then the vacuum polarization in its
background is absent when the mass of the Higgs field (mH ∼ ~(r0c)−1) does not exceed
the mass of the quantum matter field, mH . m. Vacuum polarization is essential for the
quantum matter field with the mass which is much less than the Higgs mass, m ≪ mH ;
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since Φ = 2pi~ce−1H for the topological defect case, the effect is maximal when the coupling
of the Higgs field to the gauge field is twice the coupling of the quantum matter field to the
gauge field, eH = 2e (e.g. the Higgs field describing the Cooper pair in a superconductor).
In particular, we can arrive at a conclusion that a cosmic string which has been formed
at the grand unification scale polarizes the vacuum of the present-day quantum matter,
but it has no effect on the vacuum of matter fields with masses which are comparable to
the scale of grand unification.
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